APPROXIMATE AND LOW REGULARITY DIRICHLET
BOUNDARY CONDITIONS IN THE GENERALIZED FINITE
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ABSTRACT. We propose a method for treating the Dirichlet boundary condi-
tions in the framework of the Generalized Finite Element Method (GFEM).
We are especially interested in boundary data with low regularity (possibly
a distribution). We use approximate Dirichlet boundary conditions as in [11]
and polynomial approximations of the boundary. Our sequence of GFEM-
spaces considered, Sy, p = 1,2,... is such that S, ¢ Hé (£2), and hence it
does not conform to one of the basic FEM conditions. Let h, be the typi-
cal size of the elements defining S,, and let u € H™11(Q) be the solution of
the Poisson problem —Awu = f in Q, u = 0 on 9L, on a smooth, bounded
domain 2. Assume that Hvu”H1/2(ag) < Chtllvull gy for all vy € Sy
and [u — urlgi(g) < Chtllullgmii(g), u € H™TH(Q) N H(Q), for a suit-
able uy € Sy. Then we prove that we obtain quasi-optimal rates of con-
vergence for the sequence w, € S, of GFEM approximations of u, that is,
lv — upll gy < CREfllgm—1(q)- We also extend our results to the inho-
mogeneous Dirichlet boundary value problem —Au = f in Q, u = g on 99,
including the case when f = 0 and g has low regularity (i.e., is a distribu-
tion). Finally, we indicate an effective technique for constructing sequences
of GFEM-spaces satisfying our conditions using polynomial approximations of
the boundary.
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INTRODUCTION

In the past few years, meshless methods for the approximation of solutions of
partial differential equations have received increasing attention, especially in the
Engineering and Physics communities. The reasons behind the development of
such methods are the difficulties associated to the mesh generation, particularly
when the geometry of the domain is complicated. As in the case of the usual Finite
Element Method, one of the major problems in the implementation of meshless
methods is the enforcement of Dirichlet boundary conditions. It is the purpose of
this paper to address the problem of enforcing Dirichlet boundary conditions in the
Generalized Finite Element Method framework. We are especially interested in the
case when the Dirichlet boundary data has low regularity, including the case when
it is a distribution on the boundary.

The classical Rayleigh-Ritz methods for elliptic Dirichlet boundary value prob-
lems assume that the trial subspace functions fulfill the boundary conditions. Nev-
ertheless, the construction of such subspaces implies many difficulties in practice
when the boundary of the domain is curved. Therefore, several approaches are
known for dealing with the Dirichlet boundary conditions on domains with curved
boundaries. One approach is to modify the variational principles by adding ap-
propriate boundary terms so that there will be no need for the trial subspaces to
fulfill any condition at the boundary. See the works of Babuska [2, 4], Bramble and
Nitsche [12], and Bramble and Schatz [13, 14], among others, for examples of how
this approach works in practice. Another approach (used also in this paper) is to
use subspaces with nearly zero boundary conditions. This ideea was first outlined
by Nitsche [27] and further studied by Berger, Scott, and Strang [11] and Nitsche
[28].

Yet another approach is the Isoparametric Finite Element Method or IFEM with
curved finite elements along the boundary. See [18] and references therein, or [17],
[19, 21, 23, 24, 32, 33], among many others, for more recent work and applications.
This approach is typically used in connection with a numerical quadrature scheme
computing the coefficients of the resulting linear systems. In the applications of this
method, except in special cases (such as when (2 is a polyhedral domain) the interior
Qp, of the union of the finite elements is not equal to 2, although the boundary of
Qy, is very close to 0€2. That is, the approximate solution uy, is sought in a subspace
Vi, € H}(Q4) and so, the homogeneous Dirichlet boundary condition u = 0 on 99
is “approximated” by the boundary condition up = 0 on 0. In fact, uy is the
solution of a variational equation ap(up,vn) = (fn,vn)n for all v, € Vi, where
ap(+,-) is a bilinear form which approximates the usual bilinear form defined over
HY(Qp)x H'(2,), and f, € V}* approximates the linear form v, € Vj, — th fopdz,

where f is an extension of f to the set .

Our approach has certain points in common with the isoparametric method just
mentioned in the fact that we are using polynomial approximations of the boundary.
However, our method does not require non-linear changes of coordinates. Our
method combines the approaches in the papers of Berger, Scott, and Strang [11]
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and Nitsche [28]. Our definition of the discrete solution is as in [11], whereas our
assumptions are closer to those of [28]. We have tried to keep our assumptions at a
minimum. This is possible using partitions of unity, more precisely the Generalized
Finite Element Method or GFEM, a method that originated in the work of Babuska,
Caloz, and Osborn [6] and further developed in [4, 7, 8, 10, 22, 25, 26, 34].

Our construction is different from the IFEM in that we do not require compli-
cated non-linear changes of coordinates. Moreover, our method uses non-conforming
subspaces of functions and it does not have to deal with extensions over larger do-
mains. It is closely related to [9] which uses GFEM for elliptic Neumann boundary
value problems with distributional boundary data. The GFEM is a generalization
of the meshless methods which use the idea of partition of unity. This method
allows a great flexibility in constructing the trial spaces, permits inclusion of a
priori knowledge about the differential equation in the trial spaces, and gives the
option of constructing trial spaces of any desired regularity. We mention that the
GFEM is also known and used under other names, such as: the method of “clouds,”
the method of “finite spheres,” the “X—finite element method,” and others. See the
survey by Babuska, Banerjee, and Osborn [4] for further information and references.

Let us now describe the main results of this paper in some detail. Let Q2 C R™
be a smooth, bounded domain with boundary 9. Let f € H~1(2) and u € H'(Q)
be the unique solution of the Poisson problem

(1) —Au=f onQ, u=0 ondN.

(For most of our results, we shall assume that f € HP~1(Q) with p > 1.)

Assume that we are given a sequence h,, — 0 and a sequence S, C H'(2) of test-
trial spaces. The parameters h, play the role of the size of the elements defining
S,.. We define the discrete solution u, € S, in the usual way: B(uy,v,) = (f,v,)
for all v, € S, where B(u,v) := (Vu, Vv)2(q) (see Equation (3) below). We do
not assume S, to satisfy exactly the Dirichlet boundary conditions, that is, we do
not assume S, C H} ().

Let us fix from now on a natural number m € N = {1,2,...} that will play, in
what follows, the role of the expected order of approximation. We shall make the
following two basic assumptions. The first assumption is that our approximating
functions satisfy Dirichlet boundary conditions approximately:

e Assumption 1, nearly zero boundary values: ||vy||g1/290) < Ch oyl a1 (a)
for any v, € S,.

The second assumption is an approximation assumption that will be used also for
non-homogeneous boundary conditions. For that purpose, let us consider a second
sequence of subspaces gu C H'(Q), S, C 5’,“ which are not required to satisfy any
boundary conditions.

o Assumption 2, approzimability: for any v € HIT1(Q), 0 < j < m, then
there exists u; € S, such that |u — urlg o) < Ch,||ull giviq)- If u=0on
011, then we can take uy € S,,.

These two assumptions are formulated in more detail in Section 1.

Our paper is divided into two parts. In the first part, consisting of the first
four sections, we prove some general approximation results for the Poisson problem
with Dirichlet boundary conditions. The approximations (or discrete solutions) be-
long to some abstract spaces S, (for zero boundary conditions) or S,, (for general
boundary conditions) that are required to satisfy certain reasonable assumptions
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(Assumptions 1 and 2, for zero Dirichlet boundary conditions, and Assumptions 1,
2, and 3 for non-zero boundary conditions). In the second part of the paper we
provide examples of Generalized Finite Element Spaces satisfying these assump-
tions. Under Assumptions 1 and 2, our main approximation result in Section 1 is
the following.

Theorem 0.1. Let S, C H'(Q) be a sequence of finite dimensional subspaces
satisfying Assumptions 1 and 2 for a sequence h, — 0 and 0 < p < m. Then
the (unique) solutions u and u, of Equations (1) and (3), respectively, with f €
HP=1(Q) satisfy

lu = vl ) < OB Null o) < CREI fll ar-1(0),
for constants independent of u and f € HP~1(Q).

In Section 2 we extend our results to the non-homogeneous Dirichlet boundary
conditions case u = ¢g on 9, with g € H™1/2 (09). In essence, we will be looking
for a sequence Gy, of approrimate extensions of g, that is, a sequence of elements of
H™T(Q) subject to the following assumption. Recall that the sequence h,, should
be thought of as the “typical size” of the elements defining S, and satisfies h,, — 0.

o Assumption 3, approximate extensions: There exists a constant C' > 0
such that, for any g € H™1/2(9Q), there exists a sequence G € Sy
such that [|Gkloo — gllgi2a0) < Chillgllpm+1/2(00) and [|Grllgmri @) <
Cllgll grm+172(50)-

Let wy be the exact solution of —Awg = f+ AGg in Q, wr =0 on 9. Also,
let (wy), € S, be the discrete solution of this equation, namely, the solution of the
discrete variational problem

(2) B((wk)lﬂv) = <f + AGkvv>L2(Q)7 v E Suv

where f € H™~1() is the data of Equation (13). The result we prove in Section 2
is the following.

Theorem 0.2. Suppose Assumptions 1, 2, and 3 are satisfied. Let uy := (wi )k +
Gi. Then there exists a constant C' > 0 such that the solution w € H™(Q) of
Equation (13) satisfies

= ull g2y < CRE (Il zm=1(0) + g1l grm+1/200)) -

In order to deal with low regularity boundary data, in Section 3 we consider
the Dirichlet problem —Au = f in Q, u = g on 99, with g € H'/?75(9Q) and
f € H175(Q), s > 0. Thus both f and g may be distributions. We say that u =
(uo,u1) € H'=5(Q) := H'=*(Q) ® H'/>75(dQ) is a weak solution of the problem
—Au = fin Q, u = g on the boundary 99 if B(u,v) = —(f,v)q + (g, d,v)a9q, for
all v € H'*#(£2). Then, the result of Section 3 is the following.

Theorem 0.3. Let g € H1/2’3~(8Q) and f € H=17%(Q). Then there exists a unique
weak solution u = (ug,u1) € H*5(Q) for the problem —Au = f in Q, u =g on
the boundary O and this solution satisfies

lwoll -5 ) + lutll g-172-200) < Cas(gllmr/2-=a0) + | fllmz-1-0))s

for a constant Cq s that depends only on Q and s.
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The second part of this paper is dedicated to constructing concrete examples of
Generalized Finite Element Spaces S, and S'H satisfying the Assumptions 1, 2, and
3 of the first part. In fact, we will prove that these assumptions are easy to fulfill
with a “flat-top” partition of unity and polynomial local approximation spaces. The
exact conditions are formulated in Section 4. The proof that the resulting GFEM
spaces satisfy the Assumptions 1, 2, and 3 is in Section 5. In addition, in Section 6
we also prove interior estimates for the error u — wg, where u is the solution of
the distributional boundary value problem —Awu = 0 in 2, v = g on 02, with
distributional data g € HI/Q*S(aQ)7 s> 0, and uy, € Sy is the discrete solution in
our GFEM spaces. The last section contains some comments and a discussion of
some further problems.

In this paper, we shall use the convention that C' > 0 indicates a generic constant,
independent of u, which may be different each time when used, but is independent
of the free variables of the formulas.

Part 1. Approximate Dirichlet boundary conditions
1. HOMOGENEOUS BOUNDARY CONDITIONS

In this section, we give a proof of Theorem 0.1. We begin by fixing the notation
and then we prove some preliminary results. In particular, f € H~1(Q) and u €
H} () is the solution of the Poisson problem (1).

Recall that Q C R™ is a smooth, bounded domain, fixed throughout this paper.
We shall fix in what follows m € N = {1,2,...}, which will play the role of the
order of approximation. We want to approximate v with functions u, € S, p € N,
where S, C H 1(Q) is a sequence of finite dimensional subspaces that satisfy the
Assumption 1 and 2 formulated next. In those assumptions, the sequence h, — 0
should be thought of as the “typical size” of the elements defining S,,. Our first
assumption is:

e Assumption 1 (nearly zero boundary values). There exists C' > 0
such that

vl 2 00) < Ch vl e (o) for any v, € S,.

So S, does not necessarily consist of functions satisfying the Dirichlet bound-
ary conditions. Let |us1(q) = [, |[Vu[?dz]'/2. Our second assumption will also
be used for non-homogeneous boundary conditions, so we formulate it also for a
sequence of spaces SM C H'(Q), S, C Su.

e Assumption 2 (approximability): There exists C' > 0 such that for any
0<j<m,any u€ HT(Q), and any p € N, there exists u; € S,, such
that 4

|u — UI|H1(Q) < Ch'ZL”uHHj-Fl(Q).
If w =0 on 09, then we can take ur € S,,.

We now proceed to the proof of Theorem 0.1. We first need some lemmas. We
begin with the following classical result [1, 16].

Lemma 1.1. For v € H'(Q) there is a constant C' that depends only on Q such
that

[0l @) < CllvlE ) + 0017200 -
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From this lemma we obtain that |v,|g1(q) and |lv,| g1 () are equivalent norms
on S, with equivalence bounds independent of f.

Lemma 1.2. There exists C > 0 such that
CMoulmr@) < llvplla@) < Cloul @)
for all u large enough and all v, € S,,.
Proof. From Lemma 1.1, we have
||’Uu||§11(9) < C[|Uu|?{1(n) + ||UuH2L2(aQ)] < C|Uu|12ql(fz) + ChimHUuH}qu(Q),

where the last inequality is a consequence of Assumption 1. Therefore, for u large,
h,, is small enough and we get

lvull gy < C(1— Chim)71/2|vu|H1(Q)
which is enough to complete the proof. ([l

Lemma 1.2 allows us now to introduce the discrete solution u, of Equation (1)
using the standard procedure. Let B(v,w) := fQ Vv - Vwdz be the usual bilinear
form. For p large, let us define the discrete solution u, € S,, of the Poisson problem
(1) by the usual formula

(3) B(uy,v,) = /Qf(x)v#(x)dx, for all v, € S,,.

Let v be the outer unit normal to 02 and dS denote the surface measure on 0.
Similarly, let w,, € S,,, for u large, be the solution of the variational problem

(4) B(w,,v,) = Oyu(z)v,(z)dS(x), forall v, €5,
G19)

where u is the solution of Equation (1). Note that we need Lemma 1.2 to justify
the existence and uniqueness of the (weak) solutions u, and w,,.

Lemma 1.3. Let u be the solution of the Poisson problem (1) and let u,, and w,,
be as in Equations (3) and (4). Then B(u—u, —wy,v,) =0 for allv, € S,,; hence

lu — vy —wulp o) < |u—vulpq  forallv, €8,.

Proof. This is obtained from Assumption 1 as follows

(5) B(u,v,) = / Vu - Vou,de = / foudx —|—/ (Opu)v,dS(x) = B(uy + wy,vy),
Q Q a0
for all v, € 5,,. O

We now proceed to estimate u, and w,.

Lemma 1.4. Let u be the solution of the Poisson problem (1) and let w,, be the
solution of the weak problem (4). Then, for u large, we have

(6) lwpll @) < Chyllull g ),

with C' a constant independent of p and u.
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Proof. Let us first assume that f € L*(Q). Then u € H?(Q2) and hence d,u is
defined and belongs to H'/?(92). Green’s formula gives [, du(z)w(z)dS(z) =
Jo(Auw + Vu - Vw)dz. Since the map H'(Q) — H'2(09Q) is surjective with a
continuous splitting, we see that

(7) 10vullg-1r200) < Cllullm(q)-

By continuity, this inequality will continue to hold for f € H=1(Q).
We have

iy < Clunlingey = CB(ww,) = C [ dut@yu,(2)as(a)
< Cllovullg-17200) lwall 1200y < OB [ull a1 9) [wal 1 (0)-
Therefore |[w| (o) < Chi}||ullg (o), as claimed. O
From this lemma we obtain the following.
Lemma 1.5. For p large, the solution w, of the weak problem (3) satisfies
(8) lwullm @) < Cllull g,
with C' a constant independent of p and u.
Proof. Let us first observe that Lemmas 1.2 and 1.3 and Equation (7) give
w7 @) < Cluulf gy = CB(uu,un) = C[B(u,uu) — Bwy, uy,)]
= C[B(u,uu) — (yu, uy)on] < C[|B(u, uy)| + [(0pu, uy)onl]
< Cllullgy@llunllza @) + Cllovullr-1/200) [l 11200)
< Cllullgr @ lluell @) + Chilull g @ llwll 21 ()
Now it is easy to see that ||u,llg1) < Cllullg1 (o), as claimed. O
We are ready now to prove Theorem 0.1.

Proof. We shall assume p = m, for simplicity. The proof in general is exactly the
same. Lemma 1.3 and the projection property, together with Lemma 1.4, give

9) |u-— uM|H1(Q) < |u-— Uy — 'LUM|H1(Q) + |wu|H1(Q)
< |lu—urlm o) + Ol ull o) < Ch ([ull o),
where for the last line we also used the approximation property (Assumption 2).

The estimate in the H!'-norm is obtained from Lemma 1.1, Equation (9), As-
sumption 1, and Lemma 1.4 as follows

lu = wull o) < Cllu—wulmio) + w2 00)]
< CthHUHH””Jrl(Q) + Oh/THUuHHl(Q) < ChT||UHHm+1(Q)
The proof is now complete. ([

In view of some further applications, we now include an error estimate in a
“negative order” Sobolev norm. We let H~!(Q2) to be the dual of H'(2) with pivot
L2(€2). Since 2 is a smooth domain, H~!(£2) can also be described as the closure
of C*°(Q) in the norm

|(u, §) 20|
(10) [l -1 0y = sup ~——
oo 19l @)
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(Note that, in several other papers, H~!(2) denotes the dual of H}(2).)

Theorem 1.6. Let 0 <1 <m, 0 <p<m, and vy = min{l + p+ 1,m}. Then,
under the assumptions of Theorem 0.1, the solutions u and u, of Equation (1) and
Equation (3), respectively, satisfy

lu = vl < Ch)lull e @) < ChYI fllar-1(0),
for a constant C > 0 independent of u and f € HP~(Q).
Proof. The proof of this theorem is an adaptation of the usual Nitsche-Aubin
trick. Indeed, let us denote by F € H'*2(Q) the unique solution of the equation
~AF = ¢, F = 0 on 09, for ¢ € H'(Q) arbitrary, non-zero. Then there exists
a constant C' > O, independent of ¢, such that ||F||gi+2q) < Cll@[lgiq)- By
Assumption 2, there exists Fy € S, such that
(11) |F = Frlg ) < ChETYF || vz (q).
Then, the inequality (11) leads to the following easy observation, which will be used
later,
(12) |Frlgio) = [F=(F=FD)lu ) < [Flai@)+Ch, | Fllmvz@) < Cllélm -

In the following calculation, we shall use Equation (5) in the first inequality, and
then Theorem 0.1, Equations (11) and (12), 1.4, and 1.5 for the last inequality, to
obtain

[(w —u,, @) 2l B(u—uy,, F) + u, 0, FdS
v —upll 1) = sup - @ _ | e faQ I |
$#0 1l 1 () $#£0 91l e (02)
< sup |B(u —u,,, F — Fy)| s |B(w,, Fr)| - sup | [oq unOu FdS|
T ¢#0 ol et () o0 |19lla () s£0  9lla (o)
< sup |u — uul )| F = Frlmo) . |wy | ) [Frla o)
9#0 ||¢HHL(Q) $#£0 ||¢HHL(Q)
+ sup 1wl L2 00) 100 Fl L2 (a0
$+40 91l (02)

< CREM Ml grer ) + ChMlullgi) + Chull o)
< Chjllull e+ (s
by the definition of . This completes the proof. (I

For p = 0, the proof of the above result requires the full strength of Assumption
1. The case p = 0 is the one needed for the results of Section 6.

2. NON-HOMOGENEOUS BOUNDARY CONDITIONS

In this subsection we provide an approach to the non-homogeneous Dirichlet
boundary conditions. That is, we consider the boundary value problem

{Au f on g,

13
(13) u=g on 0f).

Our approach is to reduce it to the case ¢ = 0 and then to use the results on the
Poisson problem (1). In a purely theoretical framework, this is achieved using an
extension G of g and then solving the problem —Aw = f + AG, w = 0 on 9.
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The solution of (13) will then be u = w + G. This gives that the problem (13) has
a unique solution u € HPT(Q) for any f € HP~1(Q) and g € H'/?P(9Q) and it
satisfies

ull o1 @) < CIf 1) + 19l 517240 000)) 5
for a constant C' > 0 that depends only on Q and p € Z. (This result is valid also
for p=0.)

In practice, however, we need to slightly modify this approach since it is not
practical to construct the extension G (this is especially a problem if g has low
regularity, that is, if g is a distribution, for instance). We will be looking therefore
for a sequence Gy of approrimate extensions of g, that is, satisfying the following
assumption. Recall that the sequence h,, should be thought of as the “typical size”
of the elements defining S, and satisfies h, — 0.

Assumption 3 (approximate extensions). We assume that there exist a
sequence of spaces Si, Sp C Sk, satisfying Assumption 2 and a constant C' > 0
such that, for any g € H™T1/2(99), there exists a sequence G}, € Sk such that
1Grloa — gllui200) < ChP gl gm+1/290) and |Gl gmir @) < Cllgll gmr1/200)-

The proof of Theorem 0.2 follows below.

Proof. Remember that wy was introduced as the exact solution to the boundary
value problem —Aw, = f+ AGj in Q, wr = 0 on 0Q. Let (wx), € S, be the
approximate solution of this equation, as in Equation (2).

We have that vy := wy + G} solves the boundary value problem

—Avp, = f on Q, v = G on 0N

Hence the difference u — vy, solve the boundary value problem A(u — v;) = 0,
(u—v) = g — Gy on IN. From this and Assumption 3 we obtain

(14) v —villmi@) < Cllg — Gellwrzoa) < Chillgll mm+r/200)-

Theorem 0.1 and Assumption 3 then give

vk — wkll () = llwe — (wi)kllar @) < CRE(f + AGk||am-1(0)
S ChE (1 f lm-1() + Grllam+r@)y) < CRE (1 f Il mm—1(0) + 9]l mrm+1/2(00)) -
Hence
(15) vk — urll i) = llww — (we)illar @) < CRF (1 flam-1@) + 19l me1r2000))-
From Equations (14) and (15) we obtain ||u — u|lgi) < ChP(||flgm-1(0) +
9]l zrm=+1/2(a0 ), Which is what we had to prove. O
3. DISTRIBUTIONAL BOUNDARY DATA AND THE “INF-SUP” CONDITION

Let us consider the Dirichlet problem (13) (i.e., —Au = f in Q and u = g on
09,) with g € HY/?273(9Q) and f € H™17%(Q), s € R. If s < 0, it is well known that
the boundary value problem (13) has a unique solution u € H'~%(2). Moreover,
there is a constant Cq ,, depending only on €2 and s < 0, such that

lullzr- ) < Cas(fllz-1-5) + gl 2= (00))-

In this section, we extend the above result to the case when g € H'/275(9Q),
with s > 0. Our approach is based on the so called “inf-sup” condition [3].
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3.1. The weak formulation. Let us define the functional space H'~%(Q) :=
H'=*(Q) @ H-'/?75(0Q). Intuitively, for an element u = (ug,u;) € H*5(Q),
the first component ug should be thought of as w in the interior of €2, while
the second component u; represents the normal derivative 8,u on Q. Let B :
H'=#(Q) x H'*%(2) — C be the bilinear functional defined by

B(u,v) = (ug, Av)g + (u1,v)sq,
where u = (ug,u1) € H'~5(Q).
Definition 3.1. Let g € HY/?75(9Q) and f € H-'7%(Q2), s € R. We say that

u = (ug,u1) € H'5(Q) satisfies (13) in weak sense, or that u is a weak solution of
the Dirichlet problem (13), if

(16) B(u,v) = —(f,v)q + (g, 0,00,
for all v € H'T5(Q).

Remark 3.2. If u = (ug,u1) € H'~%(£) is a weak solution of the Dirichlet problem
(13) in the sense of the above definition for s < 0, then it is easy to see that the
first component ug is a classical solution for (13) and u; = 9,up on K.

Remark 3.3. If u = (ug,u1) € H'=%(Q) is a solution of (13) in weak sense, then it
is unique with this property.

The main ingredient we will use for proving Theorem 0.3 is the following “inf-
sup” lemma (or the Babuska—Brezzi condition) [2, 3]. (This result was used for
similar purposes in [9] in order to deal with low regularity Neumann data.)

Theorem 3.4. Let X and Y be reflexive Banach spaces with norms || - ||x and
I - lly. Also, let B1 : X XY — C be a bilinear form. Assume that

(a) By is continuous;

(b) There exists v > 0 such that inf) =1 supy, <1 |B1(z,y)| > 7;

(¢) supyz <1 |Bi(z,y)| > 0 whenever y # 0.

Then for any continuous functional F' :' Y — C there exists a unique x € X such
that F(y) = B1(z,y), for ally € Y. Moreover, we have ||| < ||F||/~.

We are ready now to prove the main result of this section, that is, Theorem 0.3.

Proof. It is easy to see that B is continuous from its definition and the definition of
negative order Sobolev spaces. Therefore, Condition (a) in Theorem 3.4 is satisfied.
Letu = (Uo, ul) S Hl_S(Q) be such that ||u|| = ||u0||H175(S2)+||u1||H—1/2—s(8Q) =1.
Since u also belongs to (H~'+%(Q) @ H'/2+5(9Q))*, which is the dual of H'~%(Q),
there exists (v,v1) € H~'T5(Q) @ H'/2+4(6Q) with |(v,01)[ = [Jv]lgr-1+:(a) +
1]l r1/2+4 a0y = 1 such that

(17) (u, (v,v1)) == (ug, V) + (u1,v1)aa > 1/2.

Let V € H'Y3(Q) N HY/2*5(9Q) be the unique solution of the inhomogeneous
Dirichlet problem

(18)

AV =v in Q,
VZ’Ul on 0f2.

Then,
(19) B(u, V) = (ug, AV)q + (u1, V)aa = (g, v)a + (u1,v1)aq > 1/2,



DIRICHLET PROBLEM 11

and this inequality implies that Condition (b) in Theorem 3.4 is also satisfied.

Finaly, let us check Condition (¢) in Theorem 3.4. Let v € H'T*(Q) such that
B(u,v) = 0, for all u = (ug,u;) € H'~(Q). Then, v must satisfy the Dirichlet
problem

(20) {szo in Q,

v=0 on 0,

whose unique solution is v = 0. This shows that Condition (¢) in Theorem 3.4 is
satisfied as well. The conclusion of the Theorem 0.3 follows if we take the functional
F in Theorem 3.4 to be F(v) := —(f,v)q + (g, v v)s0. O

Part 2. GFEM Approximation Spaces
4. THE GENERALIZED FINITE ELEMENT METHOD

Our goal is to construct a sequence S, u = 1,2,..., of Generalized Finite
Element spaces that satisfy the two assumptions of the previous section. To this
end, we shall introduce a sequence of Generalized Finite Element spaces that satisfy
certain conditions (Conditions A(h,), B, C, and D). In the following sections we
shall prove that these conditions imply Assumptions 1 and 2.

We begin by recalling a few basic facts about the Generalized Finite Element
Method [4, 8, 26]. This method is quite convenient when one needs test or trial
spaces with high regularity.

4.1. Basic facts. Let k € Z. We shall denote as usual

Ul koo () = max [|0%u|| Lo (),  [[ullwr.o (o) = max [[0%ul| Lo (),
al=k <k

|

Wk’oo(Q) = {u, ||u||Wk,x(Q) < oo}, and ||VW||W'01°°(Q) = Zj ”aijW’“v‘”(Q)- In
particular, |U|W000(Q) = ||UHW°°°(Q) = ||uHLoo(Q)

We shall need the following slight generalization of a definition from [8, 26]:
Definition 4.1. Let 0 C R" be an open set and {wj}é-vzl be an open cover of {2

such that any x € Q belongs to at most x of the sets w;. Also, let {¢,} be a partition
of unity consisting of W™>°((2) functions and subordinated to the covering {w;}

(i.e., supp ¢; C w;). If

(21) 1065l L= (@) < Cr/(dlamw;)*, k= |a| <m,

for any j =1,..., N, then {¢;} is called a (k,Co,Ch,...,Cy,) partition of unity.
Assume also that we are given linear subspaces ¥; C H™(w;), j = 1,2,...,N.

The spaces ¥; will be called local approximation spaces and will be used to define
the space

N
(22) S:SGFE]VI = {Z¢jvj’ Uj E\I’j} CHm(Q),

j=1
which will be called the GFEM-space. The set {w;, ¢;, ¥;} will be called the set of
data defining the GFEM-space S. A basic approximation property of the GFEM—
spaces is the following Theorem from [8].
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Theorem 4.2 (Babuska-Melenk). We shall use the notations and definitions of
Definition 4.1 and after. Let {¢;} be a (x,Co,C1) partition of unity. Also, let
v; € ¥; C HY(wj), tgp = Zj o;v; €S, and d; = diamw;, the diameter of wj.
Then

= thap T2y < KCE D llu = vjlZaqe,)  and
J

2
(23) Chllu — v5(13,,

IV = tap) iy < 263 (g + GV =)lae,)
J

4.2. Conditions on GFEM data defining S,,. Recall that w is star-shaped with
respect to w* C w if, for every x € w and every y € w*, the segment with end
points x and y is completely contained in w. Also, recall that we have fixed an
integer m that plays the role of the order of approximation. Let {w;,¢;,¥; }évzl
be a single, fixed data defining a GFEM-space S, as in the previous subsection,
and let ¥ := {wj, ¢, \I/j,wj}, where w; is star-shaped with respect to w; C w;. We
shall need, in fact, to consider a sequence of such data

s Ny
(24) Y =A{w, o, U Wi, peN,

defining GFEM-spaces S,

NP'
(25) Sui={ D v, vy € W C H(Q),
j=1

such that there exist constants A, Cj, o, and s and a sequence h, — 0, as u — 00,
for which ¥, satisfies Conditions A(h,), B, C, and D below for u € N. The sequence
h, gives the “typical size” of the elements defining S,,, as in the first part.

Condition A(h,). We have that ) = U;»\[:“lw;‘ and for each j = 1,2,...,N,, the
set Wi is open of diameter d; < h, <1 and w;* C w¥ is an open ball of diameter

> od!; such that W% is star-shaped with respect to wi*.

Notice that we only assume the open covering {wj”} to be nondegenerate, a
weaker condition than quasi-uniformity (see [16], Section 4.4, for definitions and
more information on these notions).

Condition B. The family {¢} ;-V:“l is a (k,Co,Cy,...,Cy) partition of unity.

The following condition defines the local approximation spaces \I/;‘ . To formulate
this condition, let us choose z; € wT‘ N 09, if the intersection is not empty. We
can assume that linear coordinates have been chosen such that z; = 0 and the
tangent space to 9Q at z; is {z, = 0} = R"'. For h, small, we can assume
that wT‘ N 0N is contained in the graph of a smooth function g;f R S ROIf
x = (z1,Z2,...,7,) € R", then we shall denote 2’ = (x1,72,...,7,_1) € R"7! so
that x = (2, z,). Let qé‘ :R" ! — R be a polynomial of order m such that

(26) [gf(2") — g (2")] < C(d;‘)"”‘1 and
|Vg;‘(x') — Vqé‘(;v’)| < C’(d;‘)m for all (2/,z,) € w;*.
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This condition is satisfied, for instance, if 9g}'(0) = 9%¢}(0), for all |a] < m. In
this case, the m-degree polynomial q;-‘ :R"~! — R is uniquely defined by the afore
mentioned requirement.

Next, denote by (jf :R™ — R"™ the bijective map

(27) T(2) = B2 n) = (@20 + ¢4(27).
Let us denote by Py the space of polynomials of order at most k£ in n variables.
Condition C. We have \Ilé‘ =P, if@ﬂ 00 = 0 and, otherwise,
Ul ={po (q‘f)_l, p € Py, such that p(z’,0) = 0},

where ¢} are polynomials satisfying Equation (26) with a constant C' independent
of j and p.

13

An equivalent form of the condition “p € P,,, p(z’,0) = 0”7 is “p = x,p1,
p1 € Pm—1,” because any polynomial vanishing on the hyperplane {x,, = 0} is
a multiple of x,. Since (¢})~"(¢',2n) = (¢, 2z, — ¢} (2')), we obtain p(z',z,) =
(zn — g (2"))p1 o (@F) "

Condition D. We have qﬁé‘ =1on w;“ forallj=1,..., N, for which wifﬂaﬁ £ 0.

The constants C;, o, and x will be called structural constants. Note that we
must have N, — 0o as 1 — 00.
The above assumptions are slightly weaker than the ones introduced in [9]. For

instance, Condition C implies the following propety (which is similar to Condition
C in [9])

For any w € WY, any 0 <1 <m+1, and any ball w* C W of diameter > ody.

(28) [l ety < Cllwll ).

For further applications, we shall also need a variant of the spaces S, in which no
boundary conditions are imposed. Recall the functions qé‘ used to define the spaces
Y. Let \115 = \Ilgb if w; does not touch the boundary 9Q and \TJ;‘ = {po (qf)—l, pE
P} otherwise (the difference is that we no longer require p to vanish when z,, = 0).
We then define

NP'
(29) S, = {Zgz)gfuj, v; € \i/;.‘} c H™(Q).
j=1

We shall also need the following standard lemma, a proof of which, for s € Z,,
can be found in [9]. For s > 0 it is proved by interpolation.

Lemma 4.3. Let v); be measurable functions defined on an open set W and s > 0.
Assume that there exists an integer K such that a point x € W can belong to no
more than t of the sets supp(y;). Let f = > 4;. Then there exists a constant
C > 0, depending only on k, such that ||fH%{S(W) <C3; H’(/Jj”%{S(W).

Recall that d denotes the diameter of w/'. Let us observe that Condition A(h,,)
implies the following inverse inequality.
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Lemma 4.4. There exists C > 0, depending only on o, such that

(30) ||P||Hs(w;) < C(d?)T_SHPHHT(w;%),

for all0 <r <s<m, all j, all u, and all polynomials p of order m.

Proof. The proof of this lemma is inspired from the proof of (4.5.3) Lemma of [16].

Consider p and 1 < j < N, arbitrary, but fixed for the moment. Let
1 1

ot = r—af), v ewl}, o=

= { 7
J dé{ J J d;_‘

(‘T - xl;)a T e w;uh

where z/ is the center of the ball w}".

If p € Py, is a polynomial of order m, then j is defined by p(z) := p(djz + z¥)
for all #. Observe that the set P, := {p : p € P,,} is nothing but the set of all
m-~degree polynomials in Z. Clearly,

(31) Plareon) = (d?)k_n/2|P|Hk(w;)v for 0 <k <m.

We first prove (30) for the case 7 = 0. Since P,, is finite dimensional, we have
by the equivalence of norms on the unit ball B(0,1) that
(32) 19l e+ (B(0,1)) < ClIBllL2(B(0,1)), for any 0 <k <m,

where C' > 0 is a constant that does not depend on k, j, and p. From Condition
A(h,), we obtain that

(33) 1Bl (B 0.1)) < CllPll 2 o)

where C' > 0 depends only on the structural constant o. From (32) and (33), it is
clear that

1Bl @y < Cllpllr2@ry VP € Puns
where C' > 0 depends only on o. Therefore, (31) implies
Pl o (@512 < Clpll oy (@) ™2 for 0 < k < s,
from which we deduce that
[Pl (ory < C@)) FIpll g2y for 0<k <s.
Since dé‘ < h, <1, we have
(34) 1Pl e oy < C(dF) " lIPll L2y
which is just (30) for r» = 0.
Let us now analyse the general case 0 < r < s < m. For |a| = k, with s —r <
k <s, D*p= DPD"p for || = s —r and |y| = k + 7 — s. Therefore,
1Dpllz2(wry S IDPllare=r(wr
< @)D plpaery  (by (34))
< C(d7)"Iplpesr—s (t)-

Since

plaky = Y 1Dl 2,
|| =k
we obtain that

IPlaery < C(d?)r_s|p|Hk+r—s(w;‘) fors—r<k<s.
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This implies that

(35) Plaesy < Cd) " Iplarry fors—r <k<s.
From (34), we also have

(36) Pl rrar oy < C(dF) Pl 2qorry < CAdF)*lIpllrror)-

Combining (35) and (36) gives (30) and this ends the proof of the lemma. O

5. PROPERTIES OF THE SPACES S,

In this section, we establish some properties of the GFEM spaces S, 1 € N,
defined in Equation (25) using the data ¥, = {w¥, ¢/, U/, w* N“l satisfying con-
ditions A(h,), B, C, and D introduced in the previous sectlon for h, — 0. The
main result is that the sequence S,, satisfies Assumptions 1 and 2 of the first sec-
tion. Also, we prove that there is a sequence G € S’k of approximate extensions
of g which satisfies Assumption 3 in the case of the non-homogeneous Dirichlet
boundary-value problem (13).

Hereafter, for simplicity, we will omit the index g whenever its appearance is
implicit.

Let us fix j such that w;NOQ is not empty. Recall the functions g;,¢; : R"™!' — R
defined in the previous section. So, for h small, @;NON is contained in {(z’, g;(2'))},
the graph of the smooth function g; : R"~! — R (this may require a preliminary
rotation, which is not included in the notation, however, for the sake of simplicity).
Let g; : R™ — R™ be the bijective map defined by Equation (27). Similarly, let

(37) §J<.’17) = gj(QT/,CL’n) = (.’El,.ﬁn + gj(x/))'

Then §; maps R"~! to a surface containing @; N 9. We have g;l(x) = (¢, 2, —

g;(2)) and g; ' (x) = (2', 2y, — q;(2)).
We shall need the following estimate.

Lemma 5.1. For any polynomial p of order m, we have
lpog;t —pod; 2w, < Cd bl and
||ip°§f1 —po @flnHl(wj) < Cdj|Ipll a1 (w))
where C' is a constant independent of p, 1, and j.

Proof. By Taylor’s expansion theorem in the z,, variable, we have

pog; (¢ xn) = p(&',xn — gj(2")) = p(a’,2n) — g;(a")Onp(a’, 20) + ...

+(- 1)’“"]( =) () .t (— 1)mgf(m) o p(a s an)

pog; (2’ xn) = p(a’, 2 — q;(2)) = p(a’, 20) — 4;(2")Oup(a’, wn) + . ..

A\ Kk
kq](xl) 8,I:p(x',$n)++( 1)mq](rn) am (x',xn).
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Then,
lpog; (a,xn) —pod; (¢ xn)| = [p(a, 20 — g;() — p(a’, 20 — ¢5(2"))]|
<10)(0") — a,(&)| - (el ) + ..+ |G

(2™ — g ()™
G et ),

| - \35p(x',xn)| + ...

From this and the Cauchy—Schwartz inequality, we obtain

lpog; (a,xn) —pod; (¢, xn)|* = |p(a’, &0 — g;(2')) — p(a', 20 — q;(2))[?
(g;(x")* — q;(a"))
(kD)2
(g;(x")™ — q;(a")™)

(m!)?

Notice that |g;(z)| < dj, for all (¢/,2,) € wj, and because g;(z) = g;(z') +
O(d;nﬂ)» for all (2, x,) € wj, we have

(95(2")" a3 (=")")

which in turn implies that

2
< ml(g;(2") = q; (")) Onp(a’, 20)? + ... + ap(a’,n)® + ...

2
+ anp(a’,xn)?).

? = [0 ()~ (g; (@) + O )M < 0™ for k=1, m,

pog; (@ an) —pod; (2, xn)2 < Cd "™V [0,p(a’, 20)? + d202p(a, 20)? + ..
+ di(k_l)(f)ﬁp(m’, I S di(m_l)aglp(w’, z,)?].

By using the inverse inequality d§71||p||Hk(wj) < Clpllar (w,), we get

lpoit —pod; Py = | pod; @ wn) —pod (o, 2 Pdadr,
w;
< Cdi(mﬂ) / [Onp(2’, 2n)? + d200p(a’ 20)* + ... + di(kfl)(?,’fp(x', )’ 4.
w;

+ d?(mfl)agbp(a:', x,)%]dx’ dz,,
2(m—+1 2(k—1 2(m—1
< CA " I pl ) + -+ T ey - T [l )]

2(m+41
< "™V |p|2

(wj)
and this completes the proof of ||p o g;l —po q~;1||Lz(wj) < CdT+1||p||Hl(wj).
The proof of ||pog;1 —poq;1||H1(w].) < CdP |Ipll i1 (w;) is reduced to the previous

inequality as follows. First, from the inverse inequality d;||p|l a1 (w;) < CllpllL2(w;)s
we obtain

(38) lpeg; ' —pod; e, < CdIpllL2(w))-

It is then enough to show that

(39) 10k(pod; ") — k(o d; llrew,) < Cdi Pl w,),
forall k =1,2,...,n.
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The case k = n is easier, so we shall treat only the case when 1 <k <n-—1. A
Taylor expansion with respect to the x,-variable gives
O(pog; ) (@', xn) = Op(p(a, 20 — g;(2")))
= (Okp) (@', 20 — gj(2")) — Ong;(2')(0np) (2", 20 — g;("))
and
On(pod; )@, xn) = O(p(a', 2 — gj ("))
= (Okp) (@, 20 — q;(2")) — Ok (2") (Onp) (2", 20 — ¢; ("))
Equation (39) then follows from Equation (38) and from the estimates g;(z’) =

gi(@’) + O(d]"™), Oqj(a”) = Og;(a') + O(d}") and |g;(a")] < d; for (2, 2n) € w;
(see Equation (26) and Condition C). O

Remark 5.2. Let us observe that Condition A(h,) was used implicitly in the proof
of Lemma 5.1 when we used the inverse estimates d?71||p\|Hk(wj) < Clipllar w,)-

Remark 5.3. If (26) is replaced by the more restrictive condition [0%(g; — ¢;)| <

CdTJrkb", for all |a] < m+1, then the result of the above lemma can be extended
as follows: For any polynomial p of order m, we have

Hp [¢] g]—l —po (j;l”H*(wj) S Cd;n+1_s||p||H1(wj), S = O, sy + 1,
where C' is a constant independent of p, u, j, and s.
Corollary 5.4. Letp € Py, then
6 (pog; —pod; M, < CdJ Iplm w,)
If p € Py, also vanishes on {x, = 0} then we have
[¢;(po Qj_l)HL?(aQ) < Cdf'|lpll mr (ws)-
Here C is a constant independent of p, i, and j.

Proof. Using Lemma 5.1 and Assumption B, we obtain

lgj(pod; ' —pod; "), < ldjllLewnlped; ' —pod; lmw,)
+ (S 1060 | Lo @) e G —po @y Lz,
< CdJ'pll i (wy) + Cds P Pl () < CAPlIplla (w,)-
The last part follows from the first part of this corollary, which we have already
proved, and from the fact that ¢;(po gj—l) =0 on 012. Indeed,
65 (pod; llzz@e) = I6;(ped; ' —pod; )l
<Cligi(pod; ' —pod; )uy =Cllos(pod; ' —pod; ) lurw,)
< Cd|pllmw;) < CdjlIpller )
The proof is now complete. O

We are ready now to prove that Assumption 1 is satisfied by the sequence of
GFEM-spaces S, introduced in Subsection 4.2.

Proposition 5.5. Let S, be the sequence of GFEM-spaces defined by data X,
(Equation (24)) satisfying conditions A(h,), B, C, and D. Then the sequence S,
satisfies Assumption 1.
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Proof. Let w; € ¥% andw = 3 ¢jw; € Sy, Since we are interested in evaluating w
at 092, we can assume that only the terms corresponding to j for which @; N9Q # 0
appear in the sum. Then w; = p; o (jj_l, for some polynomials p; € P, vanishing
on {z, = 0}. Hence Lemma 4.3 and Corollary 5.4 give

||w||§11/2(asz) < CZ ||¢jwj||2L2(aQ) = C’Z ¢ (p;j o q]‘_l)H%?(aQ)
J J

<O & pillEn sy < CHE™ Y Ipillin ) < CHE™ D lwillfn -
J J J

By Condition D, >, ||wj||%p(w;) = ||w||§{1(Uw;). Therefore,
||w||2L2(BQ) < Chimllwllil(wp < Chim”wHiIl(Q)'

Assumption 1 is hence satisfied by taking square roots. O

Remark 5.6. Condition D is only needed in the proof of Proposition 5.5. Although
one can prove that

(40) Z ||wj||§-11(w;f) < Cllwli g
J

(by using norm equivalence in finite dimensional spaces), one can not bypass Con-
dition D because the constant C' in (40) depends on p. To remove this dependence,
one would have to impose additional and/or different conditions on the partition
of unity.

The proof that the sequence S, also satisfies Assumption 2 is also based on
the above lemma and on the following result. Recall that the local approximation
spaces ¥, and \Ilé‘ were defined in Subsection 4.2.

Lemma 5.7. Let u € H™ ' (w;). Then there exists a polynomial w € \ilg such
that ||u - wHHl(wj) < C’d;n||u||Hm+1(w].) and ||u - wHL2(wj) < Cd;”+1|\u||Hm+1(wj)
for a constant C' independent of u, p, and j. If u =0 on w; N OSY, then we can
choose w € \115

Proof. 'We are especially interested in the case when v = 0 on @; N OS2, so we shall
deal with this case in detail. The other one is proved in exactly the same way.

Let us consider v = u o g;. Since §; maps R*! = {2, = 0} to a surface
containing w; N 92, we obtain that v = 0 on R"~'. For h, small enough, we can
assume that g}j_l(wj) lies on one side of R"~!. Let U be the union of the closure of
f];l(wj) and of its symmetric subset with respect to R"~1. Define v; € H*(U) to
be the odd extension of v (odd with respect to the reflection about the subspace
R"~1). Let p; be the projection of v; onto the subspace P,, of polynomials of
degree m on U. This projection maps even functions to even functions and odd
functions to odd functions. Hence p; is also odd. In particular, p; = 0 on R"~1.
We also know from standard approximation results [16] that

lvr = Pl vy < Cd o]l gmar vy
Then

lu—p1 0G5 i, < Cllvi = pillr ) < Cd vl g vy < CdJ|ull g o)
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Let w=mpio0 qj—l. The lemma follows from

v —wlzr(w,) <llu—m O§;1”H1(wg) + [lp1 0?7;1 —p1o (ileHl(wj)
< Od|Jull gm+a(wy) + Cdj* Ip1l 1wy < Cdj |ull grm+1(w,)),
where we have also used Lemma 5.1.
To prove the relation |[u — wl[z2(,,) < Cd;»n+1||u||Hm+l(wj), we first notice that
Poincaré’s inequality gives
o1 = p1ll 2wy < Cljllor = pallar )y < CdJFH va]| s v

The rest is exactly the same. O

We are ready now to prove Assumption 2. See [4], section 6.1, and [9] for related
results.

Proposition 5.8. The sequence of GFEM spaces S,, satisfies Assumption 2.

Proof. 'We proceed as in [9], Theorem 3.2. Let u € H™(Q). If &; does not
intersect 0€2, we define w; € ¥; = Pp, to be the orthogonal projection of u onto Py,
in H'(w;). Otherwise, we define w; € ¥, using Lemma 5.7. Then let w = 2o ;.
By using Lemma 5.7, the definition of the local approximation spaces ¥; (Condition
C), and the bounds on ||V¢;||z~ (Condition B), we obtain

Ju—wli@) =] di(u—w;)] g
j

<D (I5llnoe [ = wjl gy + V51l 1w = w5 22 )
J

<Y (CA s o) + Cdy AT [ull s ) < CRBZ [l s 0
J

This completes the result. (I

Next, we will be looking for a sequence Gy, of approzimate extensions of g in Sj.
Recall that the spaces Sy D Sy were defined in Equation (29) and are variants of
the spaces Sy that are not required to satisfy, even approximately, the boundary
conditions. The construction of such a sequence Gy of approximate extension as
well as the analysis of the resulting method are the main results of this subsection.
Other methods for constructing G, are certainly possible.

We now check that it is possible to choose G}, € Sy, satisfying Assumption 3. We
follow the method in [3].

Proposition 5.9. There exist continuous linear maps I, : H™1(Q) — Sk, such
that

(41) lu— Ie (W) 0) < CREFT [lull gm0,
forr=0andr=1.

Proof. For uw € H™(Q) and j fixed, let v = uo g;. The Taylor polynomial of
degree m of v averaged over §~!(w;) is given by

(42) Pe) = Qo) = [ Qo)) d
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where

(o)
Qy,on(x) =v( +Zav yz)—&—..—i—z Y <y)(x—y)°‘7 al=ao1!. .. ap!,

al

|a]=m

is the Taylor polynomial of v at y of degree m and ®; € C°(§~*(w;)) is a function
with integral 1. Then, by the Bramble-Hilbert Lemma, we have

(43) |’U — Pj|H5(g*1(wj)) < Ch2n+lis|U‘Hm+1(gfl(wj)), for all 0 <s<m+ 1.
Consider w; := P;j o (1]71 € \i/j. Let w:=3_; ¢;w;. Then,

(44)  |u—w[Frq) < CZ |6 (u = w)|Fr () < CZ |6 (u —w)[Fr (o)
J J

< CY Y 0l oyl = wilfp—io

j i=0
<OY Y sl il = By 0 55 ) + 1B 0 7 = Py 07 e

By changing variables and (43), we obtain
(45)
fu = Py 0 35 iy = [0 357 = Pio G5 [r-s(uy) < Clv = Billyigia)
2(m+1—r+1 2(m4+1—r—+1 ~
< Chy! ol -1y = O o gl 510
< Chi(m—&-l—r—i—i)|u‘%{m+l(wj).
Also, from Lemma 5.1 and the definition (42) of P;, we have
-~ ~ 2(m+1—r+1
(46) |Pjog;t = Pjog; i) < Chylm T )||Pj||%11(wj)
S Chi(m+1_r+i)Hu||Hm+1(w].).
From (44), (45), (46), and Condition B, it follows that
(47)
—2ir1.2(m—4+1—r+17 2(m—+1—r+1i
= wlieo) <O 0D I [y Nl o) + By llfrs )

j i=0

2(m+1—r 2(m+1—r
< ORI Nl o) < ORIl
J
forall 0 <r <m+ 1. }
Define Iy, (u) := w. Clearly I}, is a linear map from H™"1(Q) to Sj which satisfies
(41). This ends the proof of the proposition. a

Remark 5.10. If we assume the stronger condition stated in Remark 5.3 on the
m-degree polynomial g;, then the conclusion of Proposition 5.9 is valid for 0 < r <
m + 1 (the proof being exactly the same).

From this proposition we obtain right away the Assumption 3.

Proposition 5.11. For any g € H™Y/2(0Q) there exists a sequence Gy, € Sy
satisfying Assumption 3.
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Proof. Indeed, let us chose G € H™'(Q) that extends g to the interior and
satisfies [|G||gm+1(q) < Cllgllgm+1/2(50), with C independent of g. Then choose
G = It (@), with I, as in Proposition 5.9. O

6. INTERIOR NUMERICAL APPROXIMATION

In this section, we construct a sequence of approximations uy € Sk of the solution
u of the distributional boundary value problem Au = 0 in Q, u = g on 9%, with
g € H'/?75(9Q), and we prove interior estimates for the error u—uy. The sequence
of spaces Sy, is the sequence of GFEM spaces constructed in Section 4 and hence it
satisfies the Assumptions 2 and 3, by the results of Section 5. In particular, S C Sy
We need to consider GFEM spaces instead of the more general framework of the
first part because we need the interior approximation result of [9] recalled below.

In this section, s € Zy is fized. Our results mirror the ones in [9], where the
Neumann problem was considered. The approach is different however, in part be-
cause it is more involved to construct finite element approximations of the solution
u in the case of the Dirichlet boundary conditions.

Our approach is to first approximate g with a sequence Gy, of functions. Then
each of the approximate equations Avy = 0, v = Gy at the boundary, is solved
approximately using the results of the previous sections. This yields, for any k, a
sequence (vg), with (vg), € 5‘“. The sequence of approximations is then u, :=
(V) € S,. Our approach is thus similar to that of Section 2.

Recall the spaces Su and S, introduced in Assumptions 1, 2, and 3. Let us
also recall that S, C S’H. The definition of the space S, is slightly different from
the one in [9]; however, the difference is only in the local approximation spaces at
the boundary, and hence this does not affect the spaces S;5(Q) := S, N CZ(Q).
Therefore, it can be shown that Theorem 3.12 from [9] is still valid. Namely, we
have the following:

Theorem 6.1. Let A € B C € be open subsets. Then there exists C > 0 with the
following property. If u € H*(Q) and u,, € S, are such that B(u — u,,x) = 0 for
all x € S5 (Q), then for h, small enough,

= w1 (a) < c( inf [lu— x|l s + ||u_uu||H,m(B)).
XESu

The constant C depends only on A, B, and the structural constants, but not on
12 € Z+.

This result is the version for the Generalized Finite Element of a basic result
by Nitsche and Schatz [29, Theorem 5.1]. See also [31, Theorem 9.2]. The above
result is the reason why we work in this section in the framework of the Generalized
Finite Element Method and not in the abstract setting of the first part.

Recall that s is fixed in this section. We otherwise use the notation of the
previous sections. We shall need the following property of the spaces §j_

e The low reqularity approrimate extension property: There exists a constant
C > 0 such that, for any g € H/?75(9Q), we can find a sequence G; € S;
satisfying ||Gjloa — gll /2= a0) < ChJllgllgr/2-s(aq) for all 0 <y < m
and [|Gjll g1 < Chy |9l g2+ (a0)-
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Lemma 6.2. Assumptions 2 and 3 imply the low regularity approzimate exten-
sion property. In particular, the spaces S; satisfy the low regularity approzimate
extension property.

Proof. Let g € HY/?73(99). As in [30], we shall consider for each H > 0 functions
Gy € C>(Q) such that

19— Grllgiz-s—@o0) < CH gl g1/2-:50)
1Gullm() < CH |9l g1/2-5 00,

with constants independent of g. On R™, we can chose Gy = x g * g, with xg(z) =
H~"x(z/H) for a suitable chosen x € C°(R™). In general, this procedure can be
localized as in [15].

Let us then choose H = h; and G; € S'j to have the following projection property

B(Gy —Gj,x) =0, Xeﬁj, and / (Gu — G;)dS(z) =0.
o0

Then [|Gjllaio) < [IGullri@ < Ch;°llgllg1/2-590)- To prove our result, it is
enough to show that the restrictions to the boundary 0f) satisfy

(48) 1G; = Grllgire—io0) < CRIGH| 11 (),

for any [ > 0 (for our result we then take I = s + ).

We shall proceed as in [3]. Let w € H'=1/2(99) with [, wdS(z) = 0. We let
W € H'TY(Q) be the unique solution with mean zero of the Neumann problem
AW =0, ,W = w. Then |[W||gi1(q) < Cllwl| gi-1/2(90) and hence Assumption 2
(approximation property) gives that there exists x € Sj such that |W — x|g1q) <
Ché—||W||Hl+1(Q) < Ché‘”wHHl—l/?(aQ)' We obtain

G- G B(G; — Gy, W —
IG; — Gl grire-1(00) = sup (G — G, wloo _ su (G; — G, X)
w0 Wl Hi-1/2(00) w0 wllgi-1/2(00)
W — X[m0
< CIG; — Gl oy sup 2 < ChY||Gall o).
w0 Wl gi-1/2(00)

In view of the fact that [,,(G; — Gg)dS(z) = 0, this proves Equation (48) and
hence completes the proof of the Lemma. O

We are now ready to prove a result on the interior approximation properties for
boundary value problems with low regularity (i.e., distributional) boundary data.

Theorem 6.3. Let S, C Su be our sequences of GFEM spaces. Also, let g €
HY2=5(00),1<s<m—1, A€, and G; be as in the low regularity approzimate
extension property. We define (vj), to be the discrete solution of the equation
Au =0, u = G at the boundary, as defined in Equation (54) and u, = (v,),.
Then

lu = wll e cay < Ch =" gl a2+ 00 -
Proof. We now proceed as in Section 2. Let us denote by wy, the solution of
(49) ~Awy = AGr € L*(Q) in Q and wy =0 on 99,
Then we let vy, := wg + G, which will satisfy Av, = 0 in 2, vy, = G on 9.
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Lemma 6.2 shows that the low regularity approximate extension property is
satisfied. Theorem 0.3 and the low regularity approximate extension property then
give

(50) flu — Uk||H1*5*v(Q) <Cllg - GkHHl/Z*S*W(aﬂ) < ChZHQHHlﬂ*S(aQ)'

Let B be an open set such that A € B € (2 and t be a parameter. Then for
any harmonic function ¢ € C*°(Q), there exists a constant C' such that [|¢[| () <
Clloll g1—s-(q)- Taking ¢ := u—wvg, t = 1, and using also Equation (50), we obtain

(51) lu = vl () < Cllu — villg-s-v @) < Chllgllaire-:(a0)-

By taking ¢ = v, we obtain

52)  okllgmsr sy < Clloellar-+) < ClGkllrrz-200) < Cllgllm/z-(a0)-
Also, let us denote by (wg), € S, the discrete solution of the problem (49) Namely,
(53) B((wk)u, X) = (AGr; x), - X € Sy

This is nothing but Equation (2) for f = 0. Let

(54) (k) := (wi)p + G

Then Theorem 1.6 gives

(55) vk — ()l -1y < CRETHHAGK | gro-1) < CAET |Gl o o)

forp+1+1<m.
Let us now take p = 0 and | = s +y — 1, which satisfy s+~vy=p+1+1 < m.
Then
(56) vk = (i)l -0y < Ol |Grlla) < Ch gl 12— 00)-
In particular, for k£ = u, we obtain

(57) vy — () ullEr-s-v () < CRLIgll ri/2-200)-

Since B(v, — (vu)p, x) = B(wy, — (wp)u, x) = 0 for all x € S,,, Theorem 6.1 then
gives

(58) v — (uullzray < inf Now = xllzs ) + llow — @l (o)

< C(hy + W) 2= 00y < ChYIIgl H1r2-<(a0)

where the last two terms were estimated using Equations (52) and (57).
Equations (51) and (57) give for s ++ + 1 = m that

v — ()l ay < llu—vullgrcay + llve = Wp)pllaray < Chlgl E12-500)
The proof is complete. U

7. COMMENTS AND FURTHER PROBLEMS

In spite of all the differences in assumptions and definitions between [11, 28]
and our paper, the main issue seems to be providing simple examples of spaces
satisfying the various assumptions used in these papers. For instance, it would be
interesting to provide other examples of spaces S, satisfying Assumptions 1 and
2. It would also be interesting to see if a modification of the uniform partition of
unity can give, by restriction, spaces S, satisfying these Assumptions. Finally, it
would be important to integrate our results with the issues arising from numerical
integration and to provide explicit numerical examples testing our results. In fact,
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related numerical tests together with some theoretical results can be found, for
example, in [5, 20, 30].

7.1. Comments on the approximate boundary conditions. For most of our
results, it is enough to assume

||UMHL2(39) < Cth||U”||H1(Q) for any (S SM'

However, one then has to replace ||u|g1(q) with ||ul|g2(q) in Lemmas 1.4 and 1.5.
Also, the proof of Theorem 1.6 for p = 0 requires the full strength of Assumption
1. The case p = 0 is the one needed for the results of Section 6, and that is the
only real reason for which we need the stronger form of Assumption 1.

A related problem is to construct other examples of spaces satisfying the interior
estimates used in Section 6 as well as the general Assumptions 1, 2, and 3. Then
Theorem 6.3 would be valid for these spaces as well.
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